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Local Homology with Respect to a Pair of 

Ideals 

V.H. Jorge Perez^’* and C.H. Tognon^’ ^ 


Abstract 

We introduce a generalization of the notion of local homology mod¬ 
ule, which we call a local homology module with respect to a pair of 
ideals (/, J), and study its various properties such as vanishing, co¬ 
support and co-associated. We also discuss its connection with ordi¬ 
nary local homology. 


1 Introduction 

Throughout this paper, i? is a commutative ring with non-zero identity. For 
a i?-module M and a ideal I of ring R there are two important functors in 
commutative algebra and algebraic geometry which are the /-torsion func¬ 
tor r/(«) and the J-adic completion functor A/(•) dehned by Vi{M) = 
lJj>o (0 :m P) and A/(M) = Ifm ^^^^ M/PM. It should be noted that the 
/-torsion functor F/ (•) is left exact and its Ah right derived functor H} (•) 
is called the Ah local cohomology functor with respect to I. However, the 
/-adic completion functor A/ (•) is neither right nor left exact, so computing 
its left derived functors is in general difficult. 

The local cohomology theory of Grothendieck has proved to be an impor¬ 
tant tool in algebraic geometry, commutative algebra and algebraic topology. 
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Its dual theory of local homology is also studied by many mathematicians: 
Greenlees and May Hi, Tarrio pQ, and Cuong and Nam [S], etc. In im, 
we have that Grothendieck introduced the dehnition of local cohomology 
module. Let a be an ideal of R, and M be an i?-module, then the module 

{R/oJ'^M) is called the Gth local cohomology module 
of M with respect to o. 

In this paper, we dehne the local homology module with respect to a pair 
of ideals (/, J) which is in some sense dual to [30] local cohomology dehned 
by a pair of ideals. We have studied local homology module dehned by a 
pair of ideals for linearly compact modules. It should be mentioned that the 
class of linearly compact modules is great, it contains important classes of 
modules in algebra. For example, artinian modules are linearly compact and 
discrete [T6l 3.10]. Moreover, if i? is a complete local Noetherian ring and M 
is a hnitely generated i?-module, then M is semidiscrete (that means every 
submodules of M is closed) and linearly compact [161 7.3]. 

Section 2 is devoted to recall some dehnitions, results obtained for the 
functor of local homology A/j (—) dehned by a pair of ideals (/, J) and to 
prove results for the local homology module H(’ (M) dehned by a pair of 
ideals when M is a linearly compact i?-module. In section 3 put some results 
on vanishing of local homology module with respect to a pair of ideals. 

In the last section, we dehne an /-stable module as a module M such that 
for each element x E I there is a positive integer n such that = x"'M for 
all t > n. The Theorem [222] provides a long exact sequence in local homology 
modules with respect to the pair of ideals (/, J), and to hnish we have the 
Theorem 14.61 which shows that, being i be a non-negative integer, if (M) 
is a-stable, for all j < i, and G is a closed /^-submodule of (M) such 
that H^’'^ (M) /G is a-stable then the set Goass/j (G) is hnite where /? is a 
Noetherian ring and M an a-stable semidiscrete linearly compact /^-module. 

2 Definition and basic properties 

Definition 2.1. ([H Section 2]) Let /? be a ring (it is not assumed here that 
R is Noetherian) and I an ideal of R. Let M be an /^-module. Gonsider the 
inverse system of /^-modules with natural epimorphisms 

TTk,t : M/RM —^ M/PM, for all Q < t < k, t,k eN. 
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We use A/ (M) = /PM to denote the J-adic completion of M. It 

is known that the functor of the J-adic completion A/ (—) is an additive 
covariant functor from the category of J?-modules and J?-homomorphisms to 
itself. We denote by (M) the Ah left derived module of A/ (M). Since the 
tensor functor is not left exact and the inverse limit is not right exact on the 
category of J?-modules, the functor A/ (—) is neither left nor right exact. 

Definition 2.2. ([301 Dehnition 3.1]) Let W (/, J) denote the set of ideals a 
of ring R such that C a -|- J for some integer n > 1, i.e., 

W (J, J) := {a C iJ I a is ideal of R and C a -|- J for some n G M}. 

We dehne a partial order on W (J, J) by letting a < b if and only if b C a, 
for a, b G W (J, J). With this relation of partial order we have that W (J, J) 
is a directed set. Moreover, the family of J?-modules {An is an 

inverse system of J?-modules. We dehne then, 

A,j (A/) := A. (M) = 

Remark 2.3. {i) For a G IF (J, J), since the functor An (—) is neither left 
nor right exact and the inverse limit is not right exact on the category of 
J?-modules, we have that the functor Aj j (—) is neither left nor right exact. 
Moreover, the functor of the a-adic completion An (—) is an covariant functor 
and lim -, , is also an covariant functor; thus. At j (—) is an covariant 

functor from the category of J?-modules and J?-homomorphisms to itself. 
iii) We denote by (M) the Ah left derived module of A/_j (M). So, as 
A/J (—) is neither left nor right exact, it follows that, in general, ^ A/^j. 
However, £g’'^ is a right exact functor and its left derived functors for i > 0 
are the same as those of A/^j. 

Now, let M be a J2-module and A^ be a submodule of M. For m G M, 
we dehne a subset of M: m -|- A^ = (m -|- n | n G A^}. A subset of M is said 
to be a coset of N if there exists m E M such that it is equal to m + N m 
Dehnition 5]. Moreover, x E m + N if and only if there exists n such that 
n E N and x = m + n. 

Consider that the ring R is Noetherian and has a topological structure. 
Let us recall the concept of linearly compact modules by terminology of Mac¬ 
donald [m Dehnition 3.1]. Let M be a topological i?-module. A nucleus of 
AJ is a neighbourhood of the zero element of M, and a nuclear base of M 
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is a base for the nuclei of M. M is Hausdorff if and only if the intersection 
of all the nuclei of M is 0. It is said to be linearly topologized if M has a 
nuclear base S consisting of submodules. A Hausdorff linearly topologized 
i?-module M is said to be linearly compact if M has the following prop¬ 
erty: if ^5^ is a family of closed cosets (i.e., cosets of closed submodules) in 
M which has the hnite intersection property, then the cosets in ^ have a 
non-empty intersection. It should be noted that an Artinian i?-module is 
linearly compact with the discrete topology [9l Theorem 2.1]. A Hausdorff 
linearly topologized i?-module M is called semidiscrete if every submodule 
of M is closed. The class of semidiscrete linearly compact modules contains 
all Artinian modules. For an i?-module M and a submodule N ^ M we 
dehne the set {N :m <^) = ^ M \ am C A^}. Observe that (N :m <^) is a 

submodule of M and that N O (^N :m ci). For an i?-module M, the a-torsion 
of M is dehned by 

Fa (M) := UneN (0 -M a") = £ M I a"'m = 0, for some integer n > 1}. 

Observe that F^ (M) is a submodule of M. 

Definition 2.4. Denote by j {R) the category of all i?-modules M (and 
homomorphisms) such that £g (M) = A/j (M). 

The following result is a generalization, to the case of a pair of ideals, of 
[201 Corollary 2.5]. 

Proposition 2.5. Let f : M ^ N be a homomorphism of R-modules, where 
M is a linearly compact R-module. If f is surjective, then the homomorphism 
Ajj (/) : A/_j (M) —>■ Ajj (N) is also surjective. 

Proof. We have the epimorphism f : M ^ N. By [201 Corollary 2.5] we have 
that, for all a G IT (/, J), the homomorphism A^ (/) : A^ (M) —)■ An (N) is 
surjective. As M is linearly compact i?-module, it follows that 
is a inverse system of linearly compact i?-modules. By [71 Lemma 2.3, item 
(in)] it follows that lim ^^^^ M/a^M = A^ (M) is linearly compact i?-module. 
Thus, {Ker (An (/))}jjg^(^^ is also a inverse system of linearly compact R- 
modules. Therefore, we have 

0 —)■ {Ker (An (/))}neW(/,J) i^)}aeW{I,J) 

a short exact sequence of inverse systems of i?-modules. By [71 Lemma 2.4] 
we have that the sequence of inverse limits 
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is exact, where L^ := Ker (A^ (/)). Therefore, the homomorphism A/j (/) : 
Ajj (M) Aij (N) is also surjective, as required. □ 

Lemma 2.6. Let M be a linearly compact R-module and let a E W (/, J) an 
ideal any of R. Then we have the following isomorphism: 

- A' (M), for all i > 0 , 

Proof. Let F, F, Fi —)■ Fq —)■ M —)■ 0 be a free resolution of 

M. Since M is linearly compact, we have that is a inverse system 

of linearly compact F-modules, for all a G fF (/, J); so we have by [3, Lemma 

2.3, item iiii)] that {F* ^ inverse system of linearly compact 

F-modules, for all i > 0. Now, by [TJ Lemma 2.3, item (F)], we have that 

< lim ^Fi/ofFi \ is a inverse system of linearly compact F-modules. 

- teN J a£W{I,J) 

Moreover, we have that ^m is a covariant additive exact functor on 

linearly compact F-modules, by [3, Lemma 2.4]. Thus, we have that 

Hi J, F- «/»') ) = H. F- ®« «/“')’ 

by [211 6.1, Theorem 1]. Therefore, (M) = (M), for all 

i > 0, as required. □ 

Theorem 2.7. Let M he a linearly compact R-module such that the inverse 
system of R-modules for all a E W (J, J), is stationary, i.e., there 

is a positive integer n such that a^M = a^M, for all t > n. Then, M E 

(^)- 

Proof. From of [SI Theorem 2.3] we have that £9 (^) — (M), for all a G 

W{I,J). Therefore, we have that 1^^^^^^ (M) = A/,j(M). Now, by 

Lemma YIM it follows that lim^^^-^^^ £q (M) = £q’‘^ (M) and so £q’'^ (M) = 
A/^j (M). Thus, we have by dehnition that, M E j (F), as required. □ 

Artinian modules certainly satisfy the hypothesis of Theorem 12.71 There¬ 
fore, we have the following immediate consequence. 

Corollary 2.8. Let M be an Artinian R-module. Then, we have that the 
homomorphism of R-modules 
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4 >m '■ (M) —)■ A/^j (M), 

is an isomorphism. 

Proof. Indeed, as M is an Artinian i?-niodule, we have that for all a G 
W (/, J) the family of -R-modules that is a family of -R-submodules 

of M, is stationary. Moreover, M is a linearly compact i?-module with the 
discrete topology. Therefore, by the Theorem 12.71 we have that £q (M) is 
isomorphic to A/j (M). Therefore, (pM is sji isomorphism, as reqnired. □ 

We also have the following consequence. 

Corollary 2.9. Let M be an linearly eompaet R-module. Then the following 
statements: 

(i) aM = M, for all a eW (J, J); 

(n) (M) = 0; 

{Hi) Atj {M) = 0, 

are sueh that we have the implieations: {i) {ii); {i) and {ii) ^ {Hi). 

Proof, {i) {ii)\ From the hypothesis we have that M = o*M, for alH G N 

and for all a G IT (J, J). Thus, the inverse system of i?-modules 
is stationary. Therefore, by the Theorem 12.71 we have that £g’'^ (M) = 
A/^j (M) = lim ^^^-^^^ required. 

{i) and {ii) ^ {Hi): By {i) we have that is stationary; by the 

hypothesis {ii) we have that £q’'^ (M) = 0; by the Theorem 12.71 we have that 
£g (M) = A/_j (M), and then it follows that Aj j (M) = 0. □ 

The following result is a generalization, to the case of a pair of ideals, of 
[20l Lemma 2.6]. 

Proposition 2.10. LetG L ^ N ^ 0 he an exact sequence of R-modules, 
where G and L are linearly compact R-modules, and such that the inverse 
system is stationary, for all a E W {I,J). Then the following 

induced sequence 

Apj {G) -E- Aj^j {L) —)■ A/_j {N) —)■ 0, 

is exact. 
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Proof. Set K = Ker(/); we have induced exact sequences 
G -)■ K ^0 and O^K^L^N^O. 

From of Proposition 12.51 the hrst exact sequence induces an exact sequence 

Ajj (G) ^ Ajj (K) ^ 0. 

As in the proof of |8l Theorem 2.3], the second exact sequence gives an exact 
sequence 

Aq {K) An (L) An {N) —)■ 0, 

for all 0 G VF Since K is linearly compact i?-module, because L is 

linearly compact, we have that {K/a^K}^^^ is a inverse system of linearly 
compact /^-modules; by [3 Lemma 2.3, item (in)] it follows that An (K) is 
linearly compact i?-module. Therefore, {An is a inverse system 

of linearly compact modules. By [3 Lemma 2.4] we have that the sequence 
of inverse limits 

is exact. Therefore, the induced sequence 

{G) —)■ Aj^j (L) —)■ A/^j {N) —)■ 0, 

is exact, as required. □ 

Definition 2.11. By [301 Theorem 3.2], we have that for an i?-module M 
there is a natural isomorphism 

HU(An HUM) 

for any integer i > 0. 

This suggests the following dehnition: Let /, J be an ideals of R and M 
an i?-module. The ith local homology module (M) of M with respect 
to the pair of ideals (/, J) is defined by 

(M) = lim H“ (M) = lim - lim Torf (R/af M). 

Remark 2.12. In the above dehnition, we have immediately that when 
i = 0, Hq*^ (M) = A/_j(M). Moreover, for all i > 0 , we have that when 
J = 0, (M) coincides with the Ah local homology module H{ (M) of M 

with respect to / ([8l Dehnition 3.1]). 
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Denote by lim* the ith right derived functor of the inverse limit lim 
If is an inverse system of linearly compact -R-modules with contin¬ 

uous homomorphisms, then l^im ^^^^ Mt = 0, by [T^ Theorem 7.1], 

Proposition 2.13. Let M he an R-module with R an Noetherian ring. Then 
the following statements are true. 

(i) For all i > 0 and for all a E W the local homology module 

(M) with respect to the pair of ideals (/, J) is a-separated, i.e., 

n,>o W = 0, for all a EW (/, J). 


{ii) Suppose that (-R, m) is a local ring. Then for all i >0, 

HP(D(M)) = D(Hy(Af)), 


where D (M) = Horn/? (M, E) is the Matlis dual module of M and 
E = 'Ej (-R/m) is the injective envelope of the residue field R/xn. 


Proof, {i) Note hrst that for any inverse system of i?-modules we 

have that 


“!(!!!!,EN - liiSiEN “ill « £ M"' (r J). 


Thus, 

n,>0 <i‘H'■' (M) “ 0* 

and by initial observation we have that 

•P-sGN i - a£W(I,J) * ^ ^ — •F-sSN •F-aeVC(/,J) * ^ 

where H“ (M) = l^m ^^^^ Torf {R/a^, M). Therefore, 

n.>o o'H'"' (M) C o'Torf (fl/o', M). 

As any two inverse limits commute Theorem 2.26] we have that 


ns>o 


a-E'/ (M) 


£ “'Torf («/“', M) 

= 0 , 


since a^Torf (i?/a*, M) = 0, for all s >t. Thus, ns>o (M) = 0. 

(a) We have that for a direct system of i?-modules 


D (Nt) = D , by [25l Theorem 2.27] and 

Torf {R/a\ D (M)) = D (Ext*^ {R/a\ M)) for all a G IE (J, J) 
by |29l Proposition 3.4.14 (ii)]. Thns, 

H'-'(D(Af)) = 

and so we have that, 

H'-' (D (M)) - D (Ext*, (B/a‘, M)). 

Therefore, 

HP (D (M)) - D Exf, (fl/a'. M)) 

Tims, 

hP (D {M)) = D ,,, H- (M)) = D (H;,, (M)), 

where, (M) = H} j(M), for all i > 0, by [301 Theorem 3.2]. 

Thns, H[’'^ (D (M)) ^ D {Wj j (M)) . □ 

The following resnlt is a generalization, to the case of a pair of ideals, of 
[21 Corollary 2.3]. 

Corollary 2.14. Let M be an R-module where R is a local ring and Noethe- 
rian. Then we have, 

(i) H}_j (M) = 0 zf and only (D(M)) = 0. 

(ii) If M is an Artinian R-module, then H[’'^ (M) = 0 i/ and only if 

HP (D(M)) = 0. 

Proof. It is well know that for a i?-module N we have that, iV = 0 if and only 
if D {N) = 0. The corollary is now immediate from [22l Theorem 1.6,(5)]. □ 

Proposition 2.15. Let he an inverse system of linearly compact 

R-modules with the continuous homomorphisms. Then, 
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Proof. By definition we have that 

H." M.) = H“ M,), 

Now, note that 

H“ Aim M 5 )=hm ^ Torf 1™ ^,Ms\ 
and by [U Lemma 2.7] we have that: 

Torf [R/a\ Af,) = Torf (R/a<, M,). 

Therefore, 

H“ Aim ,,Jim ^ Torf (i?/a*, M^). 

Since by [25l Theorem 2.26] inverse limits are commnted, we have that 

H“ feeN Tol"" (^/af M,) = 1^^^^ H“ (M,). 

Therefore, 

H'-' M.) = 1^,^, H» (A/,). 

and then 

Hi'' M,) = H» (A/,) = Hy (Af.). 

as reqnired. □ 

In the following theorem, we assnme that f : R ^ R is a homomorphism 
of rings. Also, for an ideal I of R, we denote its extension to R by R. 

Theorem 2.16. Let R be a Noetherian ring. Let M be a linearly compact 
R -module with (i? , m) local Noetherian ring. Furthermore, let f : R ^ R 
be a ring homomorphism such that f (J) = JR' = J®. Then we have the 
following isomorphism of R -modules 

Hf(M) = Hf(M) 

for all Q < i ^ X. 
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Proof. We first prove in the special case M is an Artinian i?'-niodule. In 
this case, by [221 Theorem 1.6, item (5)], we have that D(D(M)) = M. 
Therefore, (M) = (D (D (M))) = D (H) j (D (M))), by Proposition 
12.131 item (ii). Now, by Theorem 2.7], we have that H}_j (D (M)) = 
H}e,^e(D(M)). Thus, = D (D (M))) = by 

Proposition 12.131 item (ii), for all i > 0. 

Let M be a linearly compact R -module. In this case denote by 911 a nu¬ 
clear base of M. It follows from [161 Property 4.7] that M = {M/U), 

where the modules M/U {U G 911) are Artinian i?-modules. In virtue of 
Proposition 12.151 we have that 

hP (M) = HP (M/U)) = lim„^„HP (M/U) 


H 


/pj® 


(M) = H; 


r,j‘^ 


l^m 


u&<m 


(M/U)] ^ 1^ 






(M/U). 


By our claim above {M/U) = H[ {M/U) for all z > 0. Applying then 
obtain that H[’'^ (M) = H[ (M), for all z > 0, as required. □ 


In the next result for N a i?-module we denote by N the m-adic comple¬ 
tion of N. Moreover, note that if N is an Artinian module over a local ring 
R, then N has a natural structure as an Artinian module over R, according 
to [211 1.11]. 


Corollary 2.17. Let {R, m) be a local Noetherian ring with the m-adic topol¬ 
ogy, <p ■. R ^ R be a ring homomorphism and M an Artinian R-module. 
Suppose that cf) satisfies the eguality (J) = JR = J. Then 

(M) = (M) (as R-modules) 


for a// 0 < z G Z. 

Proof. Since M is an Artinian il-module, by ES Theorem 1.6, item (5)], 
we have that D (D (M)) = M. Therefore, B.\'^M) = (D (D (M))) = 
D (H) J (D (M))), by Proposition 12.131 item (zz). Thus, by [3^ Theorem 
2.7], we have that H} j(D(M)) = H1^(D(M)) as il-modules. Therefore, 

{M) ^ D (hW (D (M))) ^ Hp (M), by Proposition EISl item (zz) for 
all z > 0 as i?-modules, as required. □ 
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Remark 2.18. f [5Ul Example of the Theorem 2.7]) Here we should remark 
that the hypothesis 0 (J) = JR in the Theorem 12.161 and Corollary 12.171 is 
necessary. Let fc be a held, R = k[x, y] and R = k[x, y, z] / {xz — yz"^). Set 
I = xR and J = yR. For a natural ring homomorphism 0 from R to R , we 
have 0(J) C JR' but 0(J) ^ JR' and H)* j (i?') ^ [R')- Thus, we 

have that D (H^ j {R')) ^ D ^H°^, and then, by Proposition 12.131 

item (u), it follows that Hq'^ (D {R')) ^ Hq^ (D (R ))- 

Let M be a linearly compact i?-module. Then, for all a G VP 
Torf (R/00 M) is also a linearly compact i?-module by the topology dehned 
as in [71 Lemma 2.6]; so we have an induced topology on the local homology 
module H[’'^ (M). 

Theorem 2.19. Let M he a linearly compact R-module. Then for all i > 0 
we have that H^’"^ (M) is a linearly compact R-module. 

Proof. For all o G IP (/, J), we have by [71 Lemma 2.6] that the family of 
R-modules {Torf (i7/a0 is a family that forms an inverse system of 

linearly compact i?-modules with continuous homomorphisms. By the [71 
Lemma 2.3, item (in)] we have that 

is also a linearly compact R-module. Now, the family of R-modules of local 
homology {H“ forms an inverse system of linearly compact R- 

modules with continuous homomorphisms. Again by [3 Lemma 2.3, item 
(in)], we have that 

is linearly compact R-module. □ 

Remark 2.20. Let R be an Artinian ring and M a hnitely generated R- 
module. Then, we have that Hq (M) is a linearly compact R-module. 

Theorem 2.21. Let R be a ring and M he a linearly compact R-module. 
Then, we have that (M) = (M) for all i > 0. 

Proof. By [201 Theorem 3.6], we have the isomorphism H“ (M) = £“ (M) for 
all i > 0 and for all o G IF (/, J). Thus, 
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H? (M) = St [M) - (M), 

by Lemma fIM . Therefore, H^’'^ (M) = 2^^'^ (M) for all i > 0, as required. □ 

Theorem 2.22. Let R be a Noetherian ring and 0 —)■ M' —)■ M —)■ M” —)■ 0 
a short exact sequence of linearly compact R-modules. Then we have a long 
exact sequence of the local homology modules 

... ^ (M') ^ (M) ^ ^ (M") ^ Hq’-^ (M') ^ 

Ho’‘^(M) ^ Ho’-^ (M") ^ 0. 

Moreover, each module this sequence is linearly compact. 

Proof. The short exact sequence of i?-modules 

0 ^ M' ^ M ^ M" ^ 0 

gives rise to a long exact sequence, by [26l Theorem 8.3] 

... ^ Torf {R/a\ M') Torf {R/af, M) Torf {R/of, M") ^ ...^ 
Tor^ {R/a\ M') ^ Tor^ {R/a\ M) Tor^ {R/a\ M") ^ 0 

for any a G IT (/, J). As R/of is finitely generated i?-module and M' , M, 
M are linearly compact i?-modules, we have by [IHl Lemma 2.8] that for all 
i > 0, Torf (i?/a*, M'), Torf (i?/afM) and Torf (i?/af M”), are linearly 
compact i?-modules. Now, by [71 Lemma 2.4], we have that lim ^^^^ is exact 
functor on linearly compact i?-modules. Thus, applying l^m ^^^^ the previous 
long exact sequence, we have that 

... ^ H“ (M') ^ H“ (M) ^ H“ (M") ^ ... ^ (M') ^ Hg (M) ^ 

Hg (M") ^ 0 

is exact sequence. As M' , M and M" are linearly compact i?-modules, by 
[H Proposition 3.3], the modules in previous long exact sequence are linearly 
compact /^-modules. Then, applying the previous sequence, we 

obtain the long exact sequence: 

... ^ Hf(M') ^ Hf(M) ^ Hf ^ (M") ^ ... ^ (M') ^ 

Hf(M) ^ Hf(M") ^ 0. 

By the Theorem 12.191 we have that each module this sequence is linearly 
compact i?-module, as required. □ 
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Remark 2.23. According to Theorem 12.211 we have, by the Theorem 12.221 
that we obtain a long exact sequence for (M) for alH > 0 the ith left 
derived module of A/^j (M). 

Corollary 2.24. Let 0 —)■ M' —)■ M —)■ M" 0 be a short exact sequence of 
Artinian R-modules, where R is Noetherian ring. Then, for all a E W (/, J), 
we have a long exact sequence of modules of local homology with respect to 
the pair of ideals (/, J) 

... ^ (M') ^ (M) ^ (M") ^ ^ (M') ^ 

(M) ^ (M") ^ 0. 

Proof. Since Artinian modules are linearly compact modules with the dis¬ 
crete topology [HI Theorem 2.1], the result it follows from Theorem 12.221 □ 

Theorem 2.25. Let [R, m) be a Noetherian local ring, with a unique maximal 
ideal m and M be a Artinian R-module. Then, for a positive integer s, the 
following statements are equivalent: 

{i) (M) is Artinian R-module, for all i < s, i > 0; 

(ii) a C Rad ^Ann^j for all i < s, i > 0 and for all o G 

W{I,.L). 

Proof, {i) {ii): Suppose that i < s, i > 1. Since (M) is Artinian R- 

module for all i < s, there exists a positive integer n such that (M) = 

(M), for all t > n. Therefore, 

(M) = 0, since (M) is a-separated. 

Thus, a C Rad ^Annj:j (M)j j, for all i < s, i > 1 and for all a G 

W{I,.L). 

(a) ^ {i): We use induction on s. When s = 1, we must show that Hg (M) 
is Artinian R-module. Since M is Artinian there is a positive integer m 
such that ofM = a™'M, for all t > m. Then Hg (M) = R/aN M. Since 
R/d^^FtM is Artinian [221 Proposition 2.13] (since M is Artinian R-module), 
we have by the proof of [21 Theorem 3.4] that Hg (M) is Artinian R-module. 
We have then that {Hg is an inverse system of Artinian R- 

modules; therefore, Hg’'^ (M) is Artinian R-module, by [T6l Properties 2.4, 
3.6 and 3.3] and [13 Properties 27.2 and 27.3]. Suppose that s > 1. By 
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[21 Theorem 3.3] we can replace M by nt>o Since M is Artinian the 
last modnle is jnst eqnal to for snfficiently large n. Therefore, we may 

assnme that oM = M. Since M is Artinian, there is an element a; G a snch 
that xM = M (|3l Proposition 1.1, item (*)]). Thns, by the hypothesis, there 
exists positive integer t snch that (M) = 0 for alH < s, z > 1. Then 

the short exact seqnence 

0 ^ (0 :m a:*) ^ M 4 M ^ 0 

provides ns a long exact seqnence, by Corollary 12.241 

0 ^ (M) -> h4 ((0 :m X*)) -> h4 (M) ^ 0 

for alH < s — 1. It follows that a C Rad ^Ann/^ (0 -m j, and by 

indnctive hypothesis we have that ((0 :m x*)) is Artinian, for all z < s—1. 
Thns, (M) is Artinian R-modnle for all i < s. This hnishes the indnctive 
step. □ 

Remark 2.26. We note that in the implication (z) ^ (zz) in the proof of 
Theorem 12.251 we need not assnme that M is Artinian R-modnle. 

3 Vanishing Results 

Definition 3.1. f |301 Dehnition 1.1]) For an i?-modnle M we denote by 
T j^j (M) the set of elements a: of M snch that I'^x C Jx for some integer 
n > 1, i.e., 

T/_j (M) = {a; G M I /"a: C Jx for some integer n > 1}. 

We say that M is (/, J)-torsion (respectively (/, J)-torsion-free) precisely 
when T/j (M) = M (respectively Ti j[M) = 0). Note that when we have 
the ideal J = 0, we say that M is /-torsion when T/ (M) = 0, and we say 
that M is /-torsion-free when T/ (M) = 0. 

We now recall the concept of noetherian dimension of an /?-modnle M, 
denoted by Ndim(M). This notion was hrst introdnced by R.N. Roberts 
[241 Dehnitions] by the name Krnll dimension. Later, Kirby [T41 Dehnitions] 
changed this terminology of Roberts and refereed to noetherian dimension 
to avoid confusion with well-known Krnll dimension of hnitely generated 
modules. Let M be an R-module. When M = 0 we put Ndim (M) = —1. 
Then by induction, for any ordinal a, we put Ndim (M) = a when 
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(i) Ndim (M) < a is false; and 

{ii) for every ascending chain Mq C Mi C ... of submodules of M, there 
exists a positive integer mo such that Ndim (M^+i/Mm) < a, for all 
m > rriQ. 

Thus M is non-zero and Noetherian if and only if Ndim (M) = 0. 

Recall that a module M is simple if it is non-zero and does not admit a 
proper non-zero submodule. Simplicity of a module M is equivalent to say 
that Rm = M, for every m non-zero in M. The Soc (M) the socle of M is 
the sum of all simple submodules of M, i.e., is the submodule 

Soc (M) = ^ {N I N is simple submodule of M}. 

We recall also that a module M is said to be semisimple if it satishes any of 
the equivalent conditions: 

(i) it is a sum of simple submodules. 

{ii) it is a direct sum of simple submodules. 

So the socle of M is the largest submodule of M generated by simple modules, 
or equivalently, it is the largest semisimple submodule of M. 

The following result is a generalization, to the case of a pair of ideals, of 
[20l Theorem 3.16]. 

Theorem 3.2. Let (R, m) be a local ring with the m-adic topology such that 
R is Noetherian. Let M a linearly compact R-module. Then (M) = 0 
for all i > dim {R). 

Proof. We hrst prove in the special case M is an Artinian R-module. From 
Corollary 12.171 we may assume in this case that (R, m) is a complete ring. By 
[SI Theorem 10.2.12, item {Hi)] we have that D (D (M)) = M and D (M) is a 
Noetherian R-module. Thus, we have D (M) a hnitely generated R-module. 
By the Proposition 12.131 item (R), we have that 

D (H;.,., (D (Af))) = H”-' (D (D (M))) = H”"' (M). 

Now, by [121 Theorem 3.2], we have that H* (D (M)) = 0 for all i > dim (R) 
and for all a G IT (/, J). By [30l Theorem 3.2] it follows that 
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Therefore, j (D (M)) = 0 for all i > dim (R). Thus, by the Corollarv l2.141 
item (i), it follows that D j (D (M))) = 0 for all i > dim(i?). Hence, 
(M) = 0 for all i > dim (R). 

Let M be a linearly compact i?-module. In this case, denote by OJl a nu¬ 
clear base of M. It follows from [161 Property 4.7] that M = ^im^^^ (M/(7), 
where the modules M/U {U G 971) are Artinian i?-modules. In virtue of 
Proposition 12.151 we have that 

H"-'' (M) = H”-' (M/U)) = (M/U). 

By the part initial we have that [M/U) = 0 for all i > dim [R) and for 
all U G 971. Therefore, (M) = 0 for all i > dim {R). We conclude the 
proof. □ 

The following result is a generalization, to the case of a pair of ideals, of 
[71 Lemma 4.2]. 

Proposition 3.3. Let M he a semidiscrete linearly compact R-module where 
R is Noetherian ring, and with Soc (M) = 0. Then (M) = 0 for alii > 0. 

Proof. The proof will be in two parts. Consider first that M is an Artinian 
i?-module. By [71 Lemma 4.2] we have an isomorphism M ^ M for some 
X G a and for all a G W (/, J); it induces an isomorphism H“ (M) A H“ (M) 
for all i > 0 and for all a G IT (7, J); since, by definition, we have that 
H'■' (M) = H“ (M) it follows that we have an isomorphism 

(M) 4 (M) for all i > 0. 

By Proposition 12.131 item [i), we have 

hP (M) = xH'/ (M) = x’H'P (M) C n,>„ a-HP (M) = 0 
for all i > 0. 

Now the second part. Let M be a linearly compact i?-module. In this 
case, denote by 971 a nuclear base of M. It follows from m Property 4.7] 
that M = lim^^^^ {M/U), where the modules M/U {U G 971) are Artinian 
/^-modules. In virtue of Proposition 12.151 we have that 

hL (M) = hP (M/C/)) - hP (M/C/), 
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Since Soc {M/U) C Soc (M), for all U G SfJt, and by hypothesis Soc (M) = 0 
it follows that Soc (M/U) = 0 for all U G dJl. Thus, by the part initial 
we have that (M/U) = 0 for alH > 0 and for all U G Tl. Therefore, 
(M) = 0, for all i > 0, as required. □ 

The following result is a generalization, to the case of a pair of ideals, of 
[3 Theorem 4.8]. 

Theorem 3.4. Let M be a linearly compact R-module where R is Noetherian 
ring, with N dim (M) = d. Then, we have that (M) = 0 for all i > d. 

Proof. We do the proof in two cases. First the case in that M is Artinian 
i?-module. We prove this by induction on d = N dim (M). When d = 0, by 
in Proposition 4.8] it follows that H“ (M) = 0 for alH > 0 and for all a G 
W (/, J); since, by dehnition, we have that H[’'^ (M) = H“ (M) it 

follows that H^’”^ (M) = 0 for all i > 0. Suppose now that d > 0. According 
to the proof of m Proposition 4.8] we may assume without loss of generality 
that there exists an a; G a such that xM = M for all a G hF (J, J). Thus the 
short exact sequence of Artinian modules 

0 ^ (0 a:) ^ M 4 M ^ 0 

gives rise to a long exact sequence, by Corollary 12.241 

...-)■ H[’'^ ((0 :m x)) -)■ (M) -G H[’'^ (M) -)■ ((0 :m 4) - 

According to [3 Lemma 4.7] we have N dim ((0 :m x)) < N dim (M) — 1 = 
d — 1. It then follows from the inductive hypothesis that H[’'^ ((0 :m x)) = 0 
for alH > d — 1. Hence (M) = a;H[’‘^ (M) for all i > d, therefore 

HLJ (jvd) = Pi (M) C p| (M) = 0 

s>0 s>0 

by Proposition 12.131 item (i). This completes the inductive step. 

Now the second case. Let M be a linearly compact i?-module. In this 
case, denote by 971 a nuclear base of M. It follows from nn Property 4.7] 
that M = l^im ^^^^ [M/U], where the modules M/U {U G Tl) are Artinian 
d?-modules. In virtue of Proposition 12.151 we have that 

hF (M) = hF [M/U)) = ^im^^^,HF (M/U). 
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According to the proof of [H Theorem 4.8] we have that N dim (M/U) < 
N dim (M). By the part initial we have that [M/U) = 0 for alH > d 
and for all U G Tl. Therefore, (M) = 0 for all i > Ndim(M). We 
conclude the proof. □ 

Proposition 3.5. Let (i?, m) be a local Noetherian ring and M a non-zero 
semidiscrete linearly compact R-module. Thus, there exists an element x E a, 
for some a E W (m, J), such that xM = M and [d -.m x) =0 if and only if 
(M) = 0 for alii >0. 

Proof. Let (M) = 0 for all i > 0. Thus, by |23 Remark 4.6] we have 
H“ (M) = 0 for alH > 0 and for some a E W (m, J). By [SI Corollary 2.5] 
we have aM = M; we obtain then that xM = M for some x E a. On the 
other hand, it follows from the short exact sequence of linearly compact R- 
modules 0—)-0 that we have the long exact sequence, 
by Theorem 12.221 

... ^ ((0 -.M x)) ^ (M) 4 (M) ^ R'fTi ((0 -.m x)) ^ . 

and so it follows that ((0 :m x)) = 0 for all z > 0. Thus, by [271 Remark 
4.6] it follows that H“ ((0 -.m x)) = 0 for some a E W (m, J) and for all z > 0. 
Since (0 :m x) is Artinian by [33l Corollary 1], (0 :m a:) = 0 by [SI Proposition 
4.10]. Conversely, suppose that xM = M and (0 :m a:) = 0, then for all z > 0 

H."'"' (M) = xH."'"' (M) = n.>„ (M) C n,>„ a-H" "' (M) = 0 

by Proposition 12.131 item (z). □ 

Proposition 3.6. Let M he an Artinian R-module where R is a local ring, 
with maximal ideal m, and Noetherian. Then the following conditions are 
eguivalent: 

(z) D (M) is {I, J)-torsion R-module. 

(zz) (M) = 0 for all integers z > 0. 

Proof, (z) (zz): From Corollary 12.171 we may assume in this case that 

(R, m) is a complete ring. Since M is a Artinian R-module it follows, by [5l 
Theorem 10.2.12, item {Hi)], that D (M) is a Noetherian R-module. There¬ 
fore, D (M) is hnitely generated. Since P/^j(D(M)) = D (M) it follows, 
by [Sni Corollary 4.2], that H} j(D(M)) = 0, for all z > 0, z G Z. There¬ 
fore, by the Corollary 12.141 item (z), we have D (H} j (D (M))) = 0, for all 
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0 < i G Z. On the other hand, we have, by Proposition 12.131 item (ii), that 
D {Hj j (D (M))) = (D (D (M))); and as, by |5l Theorem 10.2.12, item 
{Hi)]-, we have that D (D (M)) = M it follows that (M) = 0 for all i > 0. 
{ii) {i)\ From Corollary 12.171 we may assume in this case that (i?, m) is a 
complete ring. Since (M) = 0 it follows that D (^) j = 0; thus, we 

have that H) ^ (D (M)) = 0, since D (M)) = (D (M)), by Corol- 

larv 12.141 item {ii). Now, by the O Theorem 10.2.12, item {Hi)] we have that 
D (M) is hnitely generated i?-module, because is Noetherian. Therefore, by 
[30l Corollary 4.2], it follows that D (M) is (/, J)-torsion i?-module. □ 

The following result is a generalization, to the case of a pair of ideals, of 
[30l Corollary 4.4]. 

Theorem 3.7. Let M he a linearly compact module over a local ring, and 
Noetherian R. Suppose that J ^ R. Then H[’'^ (M) = 0 for any i > 
dim {R/J). 

Proof. We divide the proof in two cases. The hrst case, consider that M 
is an Artinian i?-module. From Corollary 12.171 we may assume in this case 
that (72, tri) is a complete ring; by [5l Theorem 10.2.12, item {Hi)] we have 
that D (D (M)) = M and D (M) is a Noetherian 72-module. Thus, we have 
D (M) a hnitely generated 72-module. By the Proposition 12.131 item {ii), we 
have that 

D (HP (D (Af))) = Hj’-' (D (D (A/))) = hP (M). 

We have, by [30], Corollary 4.4], that R\ j (D (M)) = 0, for any i > dim (72/ J). 
Therefore, by the Corollary 12.141 item '{i), we have D (H) j (D (M))) = 0, for 
all i > dim (72/J). Since, as seen above, we have that D (H} j(D(M))) = 
(M), it follows the result. 

The second case, let M be a linearly compact 72-module. In this case, 
denote by TH a nuclear base of M. It follows from [T6l Property 4.7] that 
M = 1/m^^^^ {M/U), where the modules M/U {U G IH) are Artinian 72- 
modules. In virtue of Proposition 12.151 we have that 

HP (M) = HP (M/t/)) = HP (M/C/), 

By the part initial we have that {M/U) = 0 for all i > dim (72/ J) and for 
all 7/ G TF. Therefore, (M) = 0 for all i > dim {R/J), as required. □ 
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Proposition 3.8. Let n be a nonnegative integer. Suppose that H} j (R) = 0 
for all i > n, where R is Noetherian local ring. Then H[’'^ (M) = 0 for all 
i > n and for any linearly compact R-module M, which is not necessarily 
finitely generated. 

Proof. Consider first the case in that M is an Artinian i?-niodule. From 
Corollary 12.171 we may assnme in this case that (i?, m) is a complete ring; by 
[51 Theorem 10.2.12, item {Hi)] we have that D (D (M)) = M and D (M) is a 
Noetherian i?-module. Thus, we have D (M) a finitely generated i?-module. 
By the Proposition 12.131 item (u), we have that 

D (HP (D [M])) = H'-' (D (D (M))) = H" (M). 

By the [301 Lemma 4.8, item (1)] we have that H} j (D (M)) = 0, for all i > n. 
Therefore, by the Corollary 12.141 item {i), it follows that D (H} j (D (M))) = 
0 for alH > n and then, it follows that (M) = 0 for all i > n, as required. 

Now, let M be a linearly compact i?-module. In this case, denote by 
IDT a nuclear base of M. It follows from [151 Property 4.7] that M = 
(^/^)) where the modules M/U {U G fOT) are Artinian i?-modules. 
In virtue of Proposition 12.151 we have that 

H.'" (M) = hP (M/C/)) - hP (M/C/). 

By the part initial we have that {M/U) = 0 for all i > n and for all 
U G IDT. Therefore, H[’'^ (M) = 0 for all i > n. □ 

We have also the following results on the vanishing of local homology 
modules with respect to (J, J), which are immediate consequences of results 
of [30]. 

Remark 3.9. Recall that the arithmetic rank of an ideal /, denoted by 
ara (J), is defined to be the least number of elements of R required to generate 
an ideal which has the same radical as I. 

{i) Let M be a hnitely gerated i?-module with i? be a local ring and 
Noetherian. Suppose that J ^ R. Then H^’’^ (D (M)) = 0 for any 
i > dim (M/JM). (immediate consequence of [301 Theorem 4.3]) 

{ii) (immediate consequence of [301 Theorem 4.7]) Let M be a hnitely gen¬ 
erated i?-module, where R is Noetherian local ring. Then 
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(1) (D (M)) = 0 for all integers i > dim (M). 

(2) (D (M)) = 0 for all integers i > dim {M/ JM) + 1. 

{Hi) Let M be an i?-module, where R is Noetherian local ring. Then for 
any integer i > ara (/.R) , where R = R/ J + Ann^j (M), we have that 
(D (M)) = 0. (immediate consequence of [301 Proposition 4.11]) 

4 The finiteness of co-associated primes 

Definition 4.1. An i?-module M is called /-stable, where I is ideal of ring /?, 
if for each element x E I, there is a positive integer n such that x^M = x'^M, 
for all t > n. 

Lemma 4.2. Let M, N and P R-modules. Suppose that we have the sequence 
of R-modules 

0 -> H^’-^ (M) ^ (N) (P) ^ 0 

being a short exact sequence for all i > 0. Then the module H[’'^ {N) is 
a- stable if and only if the modules H[’'^ (Af), (P) are a- stable, for any 

aEW{I,J). 

Proof. (=^) Assume that H^’"^ {N) is a-stable. Thus, for each element x E a 
there is a positive integer n such that 

(jv)=n,>o ( n ) c n,>„ o‘hp (iv)=0 

since (A^) is a-separated. As we have the sequence 

0 ^ (M) ^ (N) -E (P) ^ 0 

exact it follows that (M) = x'^R-l’’^ (P) = 0 and thus, by dehnition, 

(M) and (P) are a-stable. 

(«^) As (M) and H[’'^ (P) are a-stable, for each element x E a, there 
is a positive integer m such that (M) = (P) = 0. By jS] 

Lemma 9.1.1], there is a positive integer r such that {N) = 0. Hence, 

(N) is a-stable. □ 

Let S' be a multiplicative set of ring R. According to [20] the co-localization 
of an P-module M with respect to S is the module 5 M = Hom^ (S“^P, M); 
let p be a prime of R and S = R \ {p}, then instead of we write pM. 
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According to yet [20] , for an i?-module M we have that Co-support of M is 
the set Cosr (M) = {p G Spec {R) \ pM ^ 0}. 

The following result is a generalization, to the case of a pair of ideals, of 
[20l Corollary 3.11], 

Proposition 4.3. Let S be a multiplicative set and a G VP (/, J) an any ideal 
of R such that S' fl a ^ 0. Then s = 0 for all R-module M and 

for all i >0. 

Proof. Since, by Proposition 12.131 item (i), we have that H^’'^ (M) is a a- 
separated i?-module for all a G VP (J, J) it follows from [201 Lemma 3.10] 

that s = 0 for all i > 0. □ 

The following result is a generalization, to the case of a pair of ideals, of 
[20l Proposition 3.13]. 

Theorem 4.4. Let M he a linearly compact R-module. Then 

s (M)) = Hf {sM) for all i > 0. 

Proof. From [201 Corollary 2.25], the co-localization functor s(—) preserves 
inverse limits, then 

= S (Torf M)). 

Now, we have by [201 Lemma 3.12], 

= HfUM) 

for alH > 0, as required. □ 

Let, according to [301 Dehnition 1.5], VP (/, J) denote the set of prime 
ideals p of i? such that C J -|- p for some integer n > 1, i.e., we have the 
set VP (J, J) = {p G Spec {R) | /”■ C J -|- p for some integer n > 1}. 

We have then the following corollary. 
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Corollary 4.5. Let M he a linearly compact R-module. Then 
Cosr (M)) C Cosr (M) n W (I, J) 

for all i >0. 

Proof. Let p G Cosr (^)^- We have an isomorphism for alH > 0 by 
Theorem 14.41 

p (hP (M)) = Hf'-®"-' (pM) 

for alH > 0 where S = R \ {p}. It follows that Hf ipM) ^ {0} and 

hence pM ^ {0}. Moreover, by Proposition 14.31 we have that p G C(a) for all 
a G IT (/, J). So, we have p G IT (/, J). Therefore, p G Cosr (M) n IT (/, J), 
as required. □ 

A prime ideal p of ring R is said to be a coassociated prime ideal of M if 
there is an Artinian quotient L of M such that p = {0 -.r L). The set of all 
coassociated prime ideals of M is denoted by Coassi? (M). 

Theorem 4.6. Let R be a Noetherian ring and M an a-stable semidiscrete 
linearly compact R-module, for any a G W {I, J). Let i be a non-negative 
integer. If, (M) is a-stable, for all j < i, and G is a closed R-submodule 
o/(M) such that H[’‘^(M)/G is a-stable, then the set Coass/j (G) is 
finite. 

Proof. We prove by induction on i. 

When i = 0, we have that G is a closed i?-submodule of {M)- As M 
is a linearly compact i?-module, by Theorem 12.191 we have that Hq’'^ (M) is 
linearly compact i?-module. Also, as M is a semidiscrete i?-module, we have 
by the [HI Lemma 2.8] that Tor^ {R/ a*, M) is semidiscrete i?-module. By the 
proof of the [iHl Theorem 3.3] we have that Hg (M) = l^m^^^^ Tor^ {R/cf, M) 
is semidiscrete i?-module. Therefore, we have that lim -, , HS (M) = 

Hg*^ (M) is semidiscrete i?-module. As G is a submodule of Hg‘^(M), we 
have that G is also semi discrete linearly compact. By [531 property L4] we 
have that Coass/j (G) is a hnite set. 

Let z > 0. Being i? be a Noetherian ring, the ideal a is hnitely generated. 
By the hypothesis, M is a-stable and then by definition there is a positive 
integer n such that a^M = a^M, for all t > n. Set K = a"M; then by [161 3) 
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property 3.14] we have that K is linearly compact i?-module. Now the short 
exact sequence of linearly compact i?-modules: 

0 -)■ -)■ M -)■ M/K -)■ 0, 

provides us, by Theorem 12.221 an long exact sequence: 

,,. ^ H.y, (M/A') M hP (A) 4 hP (M) 4 hP (M/A) M (*) 

Note that M/K is complete in a-adic topology. By [181 Lemma 2.6] we 
have an isomorphism, for all i > 0, Torf (i?, M/iL) = H“(M/iL). Thus, it 
follows that, Torf (i?, M/K) = H[’'^ {M/K). As M/K is a-stable, 

Torf (i?, M/iL) is a-stable, and thus Torf {R, M/K) is a-stable, 

so that H^’"^ (M/K) is a-stable, for all i > 0. By the hypothesis, Ifj’'^ (M) is 
a-stable, for all j < i. By the Lemma we have [K) is also a-stable, 
for all j < i. 

We now prove that if S' is a closed submodule of H[’'^ {K) such that 
(K) /S is a-stable, then Coassn (S) is hnite. Proceeding analogously as 
in the proof of [HI Theorem 3.3] for local homology modules of a module 
with respect to the pair of ideals (J, J), we get that Coass^ (S) is hnite. 

We now have exact sequences induced from the exact sequence (*) 

0 ^ Rl’'' (K) //-i (G) 4 (M) /G; 0 ^ //-^ (G) ^ G ^ g (G) ^ 0. 

By the hypothesis, (M) /G is a-stable, so that is also (K) / f~^ (G). 
Then, Coass^ (/“^ (G)) is hnite by the argument previous, so that we have 
Coassij (//“^ (G)) is hnite. Moreover, g {G) is an submodule of the mod¬ 
ule (M/K). Recall that (M/K) ^ Torf {R, M/K), and 

moreover we have that Torf (R, M/K) is semidiscrete linearly 

compact i?-module, by the [TH Lemma 2.8], and thus CoassR^g {G)) is h- 
nite. Finally, the hniteness of CoassR (G) follows from the last short exact 
sequence, as required. □ 

Corollary 4.7. Let M an a-stable semidiscrete linearly compact R-module, 
for all a & W (J, J). Let i be a non-negative integer. (M) is a-stable 

for all j < i, then the set CoassR ^Hf(^) j is finite. 

Proof. It follows from of Theorem 14.61 bv replacing G with Hf"^ (Af). □ 
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